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The Schensted correspondence is closely related to the decomposition of V”” as a 
GL( V)-module. In this paper we obtain an analogous correspondence related to the 
decomposition of V@” as an Sp( V)-module. (cl 1986 Academic Press. Inc. 
It is well known that there is a one-to-one correspondence between the 
set of words of length n in the alphabet { 1, 2,..., k) and the set of pairs 
(Pi, Q) where P and Q are tableaux of shape I, [A( = n, P, is a semistan- 
dard tableau (entries strictly increasing in columns, weakly increasing in 
rows) in {l,..., k} and Qj, is a standard tableau (row and column strict) in 
{ I>...> n}. There are two ways to prove this. The Schensted correspondence 
(see [3]) gives an explicit construction of pairs of tableaux from words. We 
will assume that the reader is familiar with this construction. Alternately, 
there is an algebraic proof. One considers VBn, where V is a vector space of 
dimension k. Clearly, V @* has dimension k”. Then one shows that, as a 
GL(k)-module, V@‘” decomposes into a direct sum of irreducible modules 
Nn; that the number of semistandard tableaux on 2 is the dimension of N,; 
and that the number of standard tableau on /1 is the multiplicity of N, in 
Van. The result clearly follows. 
1. @(T/)-MODULES 
The following information is taken from [2]: 
Let V be a 2k-dimensional vector space with a nondegenerate alternating 
bilinear form. Then V defines Sp( V) or Sp,,, the invertible linear transfor- 
mations which preserve this form. The irreducible, finite-dimensional 
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representations of Spzk are parameterized by partitions, 1, with k or fewer 
parts and will be denoted (A). The dimension of (A) equals the number of 
tableaux of shape A and entries from the ordered alphabet 
{i-d<2<k ... <k <E} and subject to 
(S.l) The entries increase weakly in the rows; 
(S.2) The entries increase strictly in the columns; 
(S.3) No entry < i occurs in row i, for any i 
We will call such a tableau Sp-standard. The number of Sp-standard 
tableau of shape 1 will be denoted d,. 
There is also a tensor product rule for these characters [ 11: 
The multiplication and division on the right-hand side of the equation 
are the ordinary multiplication and division of partitions given by the 
LittlewoodPRichardson rule. We point out that a symbol (v), htv > k, may 
occur in such a product and that “modification rules” for interpreting such 
a symbol are described in [ 11. One such is 
if v has height k + 1 then (v) = 0. 
Now in the case of p = (1 ), formula (1.1) becomes 
(n>o(l)=(n.l>+(;L/l). (1.2) 
This means that (A) 0 (1) is the sum of all diagrams of height <k which 
can be constructed from A by either adding on or removing one box. It is 
now simple to show by induction. 
LEMMA 1. The multiplicity of (2 ) in ( 1) @* is the number of sequences 
of Young diagrams (DO, D, ,..., D,), where 
(1) D, is the empty diagram and D, is A. 
(2) Each Di is gotten from Dip, either by adding on one box or 
removing one box. 
(3) Each Di has height <k. 
We denote the number of such sequences by m, or mj,(n). 
EXAMPLE. The reader may verify that if k = 2, n = 5, and ;1= (2, 1 ), then 
m, = 16 and d, = 16. The sequences and tableaux include these in Fig. 1. 
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FIG. 1. Some sequences and tableaux for k = 2, n = 5, 1= (2.1), 
THEOREM 1. (2k)” = ‘& m, d,. 
ProoJ: By Lemma 1, (l)@“=x m),(A). 
Taking dimensions now gives the result. 
2. THE BIJECTION 
In this section we reprove Theorem 1 with a bijective proof. 
The bijection we construct is a modification of the usual Schensted 
correspondence. At each step the insertion algorithm will either add a num- 
ber in the usual way or will take a box away. The process of removing a 
box is accomplished by a step in which an i annihilates an iand the empty 
box is then moved to a corner by a sort ofjeu de tacquin. We will need the 
following definitions: 
DEFINITION. A punctured tableau of shape 2 is a Young diagram of 
shape 2 in which every box except one is filled. We will refer to it as the 
empty box. If the empty box is a corner box we sometimes will identify the 
punctured tableau with an ordinary tableau on a smaller partition. A 
punctured tableau is said to be Sp-standard if it satisfies (S.1 ), (S.2) and 
(S.3). 
We now describe the steps which are used in our jeu de tacquin and its 
inverse. 
DEFINITION. Let T be a punctured tableau with (a, /?) entry tcr8 and with 
empty box in position (i, j). Then 
T if (i, j) is the right most box in row i 
R(T)== 
the punctured tableau gotten from T by switching 
the empty box and tij+ i, if not; 
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! T if j=l 
and 
L(T)= 
the punctured tableau gotten from T by switching 
the empty box and t,, _ , , if not; 
T if (i, j) is the bottom box in column j 
D(T)== 
the punctured tableau gotten from T by switching 
the empty box and 1, + ,,j, if not; 
( T if i=l 
U(T)= 
I 
the punctured tableau gotten from T by switching 
the empty box and t,- ,.J, if not. 
See Fig. 2. 
LEMMA 2. Let T be an Sp-standard punctured tableau with (c(, fl) entr-v 
telr and empty box in position (i, j). Then 
(a) Either R(T) or D(T) is Sp-standard. And if R(T) = T then D( T) is 
Sp-standard. 
(b) Either L(T) or U(T) is Sp-standard. And if,j= 1, then either U(T) 
is Sp-standard or tie ,,, < i. 
Proof: Refer to Fig. 3. 
(a) If R(T) = T then, by definition of R, the empty box in position 
(i, j) is switched with the (i, j + 1) entry, tl,i+, Since T was Sp-standard 
R(T) must satisfy (S.2) and (S.3), since the entries of the rows and their 
orders remain unchanged. Moreover, by (S.2), t,,j+, > tj- ,.i+, and by (S.l) 
T: ’ ’ 2 
w 2 2 2 
R(Tlr [m L(T): m  
D(T)= m  U(T)= w 
FIG. 2. Examples of R, L, D, and U. 





FIG. 3. Proof of Lemma 2. 
L;f+ 12 ti- lj and so tij+, > tj- ,,i. Hence, the only way a violation of 
could occur in R(T) would be if ti,,+ I (the (i,j) entry of R(T)!) was 
less than or equal to li+ I,j. 
A parallel argument holds for D(T). D(T) must satisfy (S.1) and (S.3), 
and a consideration of the inequalities tj+ ,,j, ,+ r,,- , > t,,j-l shows that > t .  
the only way a violation of (S.2) could occur in D(T) would be if t,,, + 1 was 
greater than ti+ ,,j (The (i, j) entry of D(T).) So if R( T) # T, either R(T) or 
D(T) must be @-standard. Moreover, if R(T) = T, then T has no (i, j + 1) 
entry and so D(T) must be Q-standard. 
(b) The proof in this case is similar. If L(T) is not Q-standard then 
tip I,j < ti,j- 1. If U(T) is not Sp-standard, there are two possibilities: either 
[i- 1,j > t , , - ,  or ti.jp 1 -=c.~ i. So t,,jP, <i and tip ,,j< t,,,_, . But this implies 
that ti- ,,i < i, which contradicts (S.3). 
DEFINITION. Let A = the set of Q-standard punctured tableaux T with 
empty box in the first column and such that either the empty box is in the 
first row or such that U(T) is not Q-standard. Let B = the set of Sp-stan- 
dard punctured tableaux with empty box in a corner. 
DEFINITION. If T is a punctured @-standard tableau on A, (21 = n, let 
if R(T) is Sp-standard and R(T) # T 
if not. 
If the empty box is not in the first column let 
B(T)= UT) 
if L(T) is Sp-standard 
W T) if not 
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, then 
FIG. 4. Example of A and 8. 
and if the empty box is in the first column let 
if U(T) is Sp-standard 
if not. 
Finally, let A(T) = A”(T) and B(T) = B”(T). See Fig. 4. 
LEMMA 3. A is a bijection from A to B with inverse B. 
Proof If suffices to show that if T is an Sp-standard punctured tableau 
with empty box in the (i, j) position 
(1) if A(T)# T, then m(T)= T; 
(2) if B(T) # T, then AB( T) = T. 
If A(T) # T, then (i j) is not a corner box. If A(T) = R(T), then -- 
L(A( T)) = T and so is Sp-standard. Hence B(A( T)) = L(A( T)) = T. 
If A(T) = D( T), then R(T) must not be Sp-standard. So, as in the proof 
of Lemma 2, t,,, + , d ti+ ,,j. In A(T) the empty box is in position (i, j + 1) 
and t,.,+ I is in the (i, j) position. Now the entry in position (i - 1, j + 1) is 
tie,,+, which is ~t,,~+,. - 2 Therefore L(A(T)) is not Sp-standard and 
B(A( T)) = U(A( T)) = T. 
The proof of (2) is similar and we omit it. 
We now wish to combine A with a slight modification of the usual 
Schensted correspondence to give a bijection which realizes Theorem 1. 
The Schensted correspondence is built on an algorithm for adding a given 
letter to a given row of a tableau resulting in a new tableau and in either 
the information that the process has terminated or in a letter to be added 
to the next row. We modify this process in one case: If row i contains i’s 
and if the letter to be added is an i then, instead of adding the i to the row 
and bumping an i to the (i + 1)” row, we instead 
(1) replace the first iin the row with an i, 
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1 2 
, then 
Ini (T,i)= In< CT,1 ): 
and In; (T,2)= 
FIG. 5. Example of Ins’. 
(2) then replace the first entry in the ith row, which is necessarily an 
i, with an empty box. 
We denote by Ins’( T, a) the tableau or punctured tableau gotten from 
the Sp-standard tableau T by inserting a by this algorithm. See Fig. 5. 
LEMMA 4. For any Sp-standard tableau T and any letter a, Ins’(T, a) is 
an Sp-standard tableau or Sp-standard punctured tableau in A. 
ProoJ: There are two things to verify: that (S.3) is not violated by the 
bumping processes and that (S.2) is not violated in the modified step, in 
which an i is replaced by an i. 
First, assume that (S.3) is violated and that row i is the first row with a 
violation. By the standardness of T, the entry <i must have come from 
being bumped from row i- 1, in which it was replaced by a smaller entry. 
If this entry was an (i - 1) bumping an (i - l), it would not have affected 
the ith row because of the modification of the insertion step; if the entry 
was less than (i - 1) it would give an earlier violation of (S.3) and so con- 
tradict the minimality of i. Hence, there is no violation. 
Next we verify that if Ins’ changes an i in row i that this change will not 
violate (S.2). Let t,,p be the (01, p) entry in the original tableau T and let 
(i, j) be the position of the first i in row i. So tip ,,i = i or i- 1 or i - 1, and 
if tip l.j = i then it is the first i in row i- 1. If we assume that an i is bumped 
from row i- 1 to row i, then it will be the first i in the row which is bum- 
ped. So, in Ins’( T, a) if an i is sent to the ith row, then the (i - 1, j) position 
will be filled by an entry less than i And so (S.2) is not violated. 
DEFINITIONS. Let T be an Sp-standard tableau and a a letter. Then we 
define 
Ins( T, a) = 
Ins’( T, a) if Ins’( T, a) is a tableau 
A(Ins’( T, a)) if Ins’( T, a) is a punctured tableau. 
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Next if w=z1z2...z, is a word in { 1, i ,..., k, E} P(w) will be a pair 
(T, CD,,..., D,)) defined by: 
ifSP(z,...zEP, )=(T,(D,,...,D,-,I) 
then SP(w) = (Ins( T, z,), (0, ,..., D,)), 
where D, is the Young tableau of Ins( T, z,). Of course, we initiate the 
algorithm by declaring SP of the empty word to be the pair (the null 
tableau, vacuous sequence). 
THEOREM 2. SP is a bijection from words z1 ... zn in { 1, i,..., k, k} and 
pairs ( T, (D, ,..., D,)) in which T is an Sp-standard tableau of shape 1 and 
(0, ,..., D,) is as in Lemma 1. 
Proof We construct a “deletion” process which will give an inverse to 
Ins and, hence, to SP. 
If Di is gotten from Dip, by adding a box, we remove the entry from this 
box by the ordinary Schensted deletion algorithm and so recover zi. 
If Di is gotten from Dip 1 by removing a box we consider the punctured 
tableau gotten by adding an empty box in the appropriate position. We 
then apply the algorithm B to obtain a punctured tableau in which the 
empty box is in the first column and, say, in rowj. We fill this box with aj 
and change the last j in the row to a j (Note that changing this j to aj will 
not violate (S.2) because the entry below it is at least j+ 1, by (S.3)) 
Finally, we use the ordinary Schensted deletion algorithm, beginning by 
sending a j to row j - 1. This will be possible since row j must begin with a 
j- 1 or j - 1. This completes the proof. 
See Fig. 6 for examples. 
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